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Application of Inverse Techniques to Determine 
Heat-Transfer Coefficients in Heat-Treating Operations 

B. Hernandez.Morales, J.K. Brimacombe, and E.B. Hawbolt 

An existing sequential function specification algorithm for the solution of the inverse heat conduction 
problem (IHCP) has been applied to determine the response of both the surface heat flux and the surface 
temperature of flat stainless steel samples subjected to water quenching under controlled laboratory con- 
ditions that ensured one-dimensional heat flow. From this information, combined convective and radia- 
tive heat-transfer coefficients have been obtained as a function of steel surface temperature. The 
computer code was subsequently modified to solve the IHCP for air-cooled cylindrical carbon steel sam- 
pies. In the algorithm, the problem is linearized by assuming the thermophysical properties of the steel to 
be fixed at values from the previous time step while estimating the current surface heat flux, which results 
in a more efficient code without a severe loss of accuracy. When compared with iterative ("brute force") 
methods commonly used in the past, techniques like sequential function specification offer a more robust 
strategy for solving the IHCP. By including information on future measurements, while solving for the un- 
known surface heat flux at a particular time, the sequential function specification algorithm effectively 
prevents over-responses to measured temperatures, and large variations in calculated heat-transfer coef- 
ficients, observed when sequential matching is applied, can be reduced. Sensitivity coefficients, a measure 
of the response of temperature to changes in the unknown surface heat flux which are calculated with this 
algorithm, can be used to design experiments involving the IHCP effectively. 

1. Introduction 

TRADITIONALLY, the processing conditions needed to produce 
the optimal heat treatment cycle for a particular metal part have 
been obtained through extensive empirical work, which is 
costly and does not provide information regarding the thermal 
and microstructural processes that take place during the opera- 
tion. More recently, the coupling of  transport phenomena and 
microstructural concepts, aided by the explosive growth of  
computational capabilities, has resulted in a more systematic 

r iAn o[1-3] n approach to the designing of  heat treating ope at o ~ and a 
explicit definition of operating parameters such as holding 
times and cooling conditions (water pressure, air velocity, noz- 
zle design). 

A critical aspect of this approach is the determination of 
heat-transfer conditions at the surface of the part to charac- 
terize the boundary condition, which typically involves a com- 
bined radiation and convection heat-transfer coefficient, 
usually defined in terms of surface temperature. To calculate 
the heat-transfer coefficient, both surface temperature and sur- 
face heat flux must be estimated; however, these variables are 
difficult to determine directly by experimental means. Instead, 
the procedure followed normally involves measurement of the 
temperature response inside the body, which is subsequently 
converted into heat flux and temperature at the surface. This is 
the inverse heat conduction problem (IHCP), which is sche- 
matically illustrated in Fig. 1 for the case of  a one-dimensional 
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single sensor. In the figure, the measured temperature at the 
sensor location is designated Y(t), whereas the box outlined by 
the broken line at BC 2 emphasizes the fact that the boundary 
condition at x = L is unknown. In this example, a boundary con- 
dition of symmetry (3T/Ox = 0) is imposed atx = O. 

The IHCP is an ill-posed problem (as opposed to a well- 
posed heat conduction problem that satisfies the following cri- 
teria: existence, uniqueness, and stability of the solution) and 
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Fig. 1 (a) Schematic representation of a one-dimensional, sin- 
gle-sensor IHCP in a flat plate of thickness 2L; the sensor is lo- 
cated at position x 1. The boundary conditions are as follows: x = 
0, symmetry (aT/ax = 0); and at x = L, unknown time-dependent 
heat flux. (b) Discrete temperature measurements, Y(ti), at posi- 
tion x 1- 

cannot be solved with the methods used for direct problems. Up 
to now, most of the IHCPs arising in metallurgical heat treating 
operations have been solved using a "brute force" method, in 
which a numerical scheme describing the direct heat conduc- 
tion problem inside the part is solved iteratively for various 
guessed values of  the surface heat flux until calculated tem- 
perature values correspond to those obtained via thermocouple 
measurements. A major disadvantage of this technique is that 
sequential matching of a single thermocouple (the most usual 
experimental configuration) is highly sensitive to measure- 
ment errors, particularly so as smaller time steps are used in 
solving the discretizing equations. A more robust approach can 
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Fig. 2 Piecewise approximation of the surface heat flux as a 
function of time. The constant heat flux functional between 
tM- 1 and t M + r - 1 is adopted to calculate qM in the sequential 
function specification algorithm. [4] 

be obtained from a statistical treatment of the experimental 
data, which is presented in the following section. 

2. IHCP Algorithm [4] 

There are three basic methods to solve the IHCP p rob lem- -  
function specification, regularization, and mixed formulation 
(trial function method)----each of  which can be implemented se- 
quentially, i.e., calculating a single component of the surface 
heat flux at a time, or for the whole time domain, where all com- 
ponents of the surface heat flux are computed simultaneously. 
The main advantage of a sequential algorithm is a major im- 
provement in computing time. The algorithm adopted in this in- 
vestigation was proposed by Beck et al. [4] and follows a 
sequential function specification approach, i.e., a functional 
form is assumed for the unknown surface heat flux. In particu- 
lar, the surface heat flux at each time step is estimated assuming 
it to be temporarily constant for a finite number of future time 
steps (see Fig. 2). 

The unknown heat flux at the surface is obtained from tem- 
perature measurements including several future time steps by 
minimizing the following least-squares expression with re- 
spect to the heat flux component at time t = tM, qM: 

r J 

S=~.~ E ( ~ M + i - I - - T j M + i - I )  2 [ 1 ]  

i = l j = l  

where yM + i - 1 is the measured temperature at the j th  sensor at 
time t M + i - 1 ; T y  + i - 1 i s  the corresponding calculated tem- 
perature; and r is the number of  future time steps adopted for es- 
timating qM. 

764--Volume 1(6) December 1992 Journal of Materials Engineering and Performance 



START ) 

L 

l 
. A I + I - - 1  ] 

T i  , l < i < r  

1 
1 < i <  

1 
t : t 

1 

t 

M . . + x  I 

END ) 

Fig. 3 Flowchart of the sequential function specification algo- 
rithm adopted for the solution of the IHCP. 
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Fig. 4 Data input for the quenching problem. Closed circles 
are measured temperatures for a stainless steel disk quenched in 
still water at 60 ~ the solid line is based on interpolated val- 
ues used as input to the computer code. 

Table 1 Thermal Conductivity (k) and Volumetric Heat 
Capacity (pCp) of ~ p e  304 Stainless Steel [6l 

T, ~ k, W m -l K "-I pCp, 10 6 J m -3 K -I 

50 ............................... 15.9 a.O 
250 ............................. 17.6 4.27 
500 ............................. 21.8 4.70 
550 ............................. 23.02 4.88 
750 ............................. 26.4 4.82 
800 ............................. 26.8 4.87 
850 ............................. 26.4 4.86 
900 ............................. 26.8 4.83 

Differentiating Eq 1 with respect to qM, replacing qM by ~M 
(the estimated heat flux at time tM), and setting the expression 
equal to zero, one obtains: 

r J ( TM+i_I~ 
2 Z Z(yjM+i-I-~M+i-I~to~I-~|=O 

i= , j= l ) [  Oq M ) [2] 

with the equation evaluated at ~M. 
The future temperature at the sensor position j ,  Tff + i2 1, Can 

be calculated from a Taylor series expansion about q M - l :  

^ 1).~3M + i -  1 5M + i - l = :M + i -  + (qM _ q M -  . [31 

where the asterisk implies that the T and X functions are evalu- 
ated using the thermal properties and surface heat flux values at 

time t M _ 1. The quantity Xff + i - 1 is called the sensitivity coef- 
ficient and is defined by: 

OTM + i -  1 
x M + i - l _  J 

j ~qg 

A 
Introducing Eq 3 into Eq 2 and solving for qM gives: 

r J 
qM=qM-l+ Z E + i - 1  . + i - 1  + i - 1  

AM 
i=I j = l  

[41 

[51 

where 

r J 

E 
i = 1  j = l  

[61 

Note that by estimating TM.. . T M + r - l and xM. .. X M § r -  l 

by adopting the thermophysical properties, k and pCp, which 
correspond to the previous time step, the problem has been 
linearized, and Eq 5 is explicit in qM. The justification for this 
assumption is that, for a small time step, At, the thermal proper- 
ties change little at a given location from one time to the next, 
even though there may be a large variation in properties from 
one end of the body to the other. An  iterative procedure is then 
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not needed even for a problem with varying thermal properties. 
A flowchart for this algorithm is given in Fig. 3. 

Once the response of the heat flux and temperature at the 
surface have been calculated, they are used to estimate the heat- 
transfer coefficient. It should be noted that the algorithm calcu- 

A . . . 
lates q and Ts, but they are calculated at shghtly different times; A . . ~N 
qM IS best associated with t M _ 1/2, whereas Ts corresponds to tM. 
Therefore, the heat-transfer coefficient at time tM is estimated 
from: 

~M= ~ M + ~ M + I  

The computer program CONTA [5] incorporates the sequen- 
tial function specification algorithm described above for a one- 
dimensional, planar IHCP, and is applied in the next section. 

3. Application of IHCP Techniques to Heat-Treat- 
ing Operations 

3.1 Quench Heat- Transfer Coefficients 

To determine the relationship between heat-transfer coeffi- 
cient and surface temperature during quenching, Gupta [6] 
measured the thermal response at an inside location of heated 
disks (20 cm diameter, 2 cm thickness) immersed in brine, 
water, oil, and air. The disks were made of type 304 stainless 
steel. 

Considering the ratio of diameter to thickness, the heat- 
transfer inside the specimen can be assumed to be one dimen- 
sional in cartesian coordinates. Because the specimen is fully 
immersed in the fluid, a symmetric temperature distribution 
about the mid-plane can be assumed, and the direct heat con- 
duction problem is described by: 

0x L [8] 

subject to the following boundary conditions (BC): 

BCl. 0r:0 "ax  at x = 0 (symmetry) 

Most metallurgical operations involve heat-transfer under 
conditions that make the direct experimental determination of  
heat-transfer coefficients very difficult, and therefore, the pos- 
sibilities of applying the IHCP algorithms are virtually limit- 
less. In this section, heat-transfer coefficients for quenching 
and air cooling under controlled laboratory conditions are cal- 
culated using the inverse algorithm described in the previous 
section. For the quenching example, the original CONTA code 
was used; however, for the controlled cooling of steel rod, a 
version of the code in cylindrical coordinates was developed. 

Table 2 Case 1 Constant Surface Heat Flux 

R=5xl0-2m 
o~= 0.00125 m 2 s -1 
qo=50Wm -2 
k=25Wm-iK -1 
Cp = 200 j kg -1K -1  

p= 100kg m -3 
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Fig. 5 Estimated surface heat flux as calculated by Gupta [61 
(open circles) and from this work (solid line) for the quenching 
of a stainless steel disk in still water at 60 ~ 
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Fig. 6 Estimated heat-transfer coefficient as calculated by 
Gupta [6] (open circles) and from this work (solid line) for the 
quenching of a stainless steel disk in still water at 60 ~ 
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BC 2: -k ~xx = -li(Tf- T) at x = L/2 (convection) 

where T = T(x,t) and L is the thickness of the disk. 
The computer program CONTA was applied to measure- 

ments obtained on the type 304 stainless steel disk quenched in 
still water at 60 ~ with a thermocouple located 1.4 mm from 
the surface. The thermophysical properties of the stainless steel 
are summarized in Table 1. 

For calculation purposes, the specimen was subdivided into 
two regions of 1.4 mm (6 nodes) and 9.35 mm (14 nodes), re- 
spectively. The temperature response adopted as input to the 
program was obtained by interpolation of  the experimental 
measurements, as shown in Fig. 4. Note that CONTA requires 
the input data at equally spaced times, but they need not coin- 
cide with the experimental times. The calculational time inter- 
val adopted, At, was 0.0625 s for two future time steps (r = 2). 

The estimated heat flux and heat-transfer coefficient, as a 
function of surface temperature, are shown in Fig. 5 and 6. 
Good agreement between the estimates of this study based on 
the sequential function specification algorithm and those ob- 
tained by adopting a sequential matching approach [6] can be 
seen. Estimated heat-transfer coefficients as a function of esti- 
mated surface temperature, obtained using the sequential func- 
tion specification technique, for a variety of quenching 
conditions have been reported elsewhere. [7] 

3.2 Controlled Cooling of Steel Wire Rod 

Campbell et al.[8] measured the thermal response at the cen- 
treline of rods during forced air cooling. The experiments in- 
volved a range of  steel grades, rod diameters, and air velocities 
and were designed to simulate the Stelmor process. The speci- 

60 I I i I I I 

? 

50 

40 

3 0  

20 

10 

0 0 0 0 0 0 0 0 0 0 0 � 9  

i npu t  (%) 

�9 e s t i m a t e d  

O I I 

0 . 0  0 . 2  0 . 4  0 . 6  
I I 

0 . 8  1 . 0  1 .2  1 . 4  

Time, s 

Fig. 7 Estimated and true surface heat flux for Case 1, constant 
surface heat flux. 

mens were long cylinders (L/D > 25). Therefore, a mathemati- 
cal description of the problem is given by: 

1 ~ ( k r ~ T )  
r Or~ ~r)=~tt (pCpT) [9] 

subject to the following boundary conditions: 

OT 
BC 1: ~ r  = 0 at r = 0 (symmetry) 

k OT _ 
BC 2 : -  Or =-h(Tf-  7) at r = R (convection) 

where T = T(r,t). 
Accordingly, the original computer code CONTA was 

modified to accommodate cylindrical coordinates. Once coded 
and debugged, the program was tested by comparing results ob- 
tained using analytical solutions for two cases: (1) a solid cyl- 
inder subjected to a constant surface heat flux and (2) a solid 
cylinder subjected to a medium of constant heat-transfer coef- 
ficient and fluid temperature. In both cases, the direct problem 
was first solved analytically to obtain the thermal response at a 
given point in the domain, which was then adopted as input to 
the numerical solution of the IHCP to estimate both surface 
heat flux and surface temperature. 

3.2.1 Case 1: Solid Cylinder Subjected to a Constant Heat 
Flux at the Surface 

This problem is described mathematically by Eq 9 (assum- 
ing constant thermophysical properties), subject to the follow- 
ing boundary and initial conditions: 
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Fig. 8 Estimated, using the sequential function specification 
technique, and analytical thermal response at the surface of the 
cylinder for Case 1, constant heat flux. 
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Fig. 9 Estimated and true heat-transfer coefficient for Case 2, 
constant heat-transfer coefficient. 

25 

Table 3 Case 2 Constant Heat-Transfer Coefficient 

h = 160W m-2K -1 
T/=20 ~ 
To = 850 ~ 
R=5mm 
k= 25 Wm -l K -1 
Cp=625 Wm -1K -l 
p = 7650 kg m -3 

3T 
BC l : ~ r  = 0  at r = 0 ( symmet ry )  

k oT 
BC 2: - ~ r  = qo at r = R (prescr ibed  heat  f lux)  

IC: T(r,O) = T o 

for which  an analyt ical  solution,  for  T o = O, is avai lable:  [91 

T(r,t) = 

2qo~ t r 2 1 

2 R  2 4 

2 (-O~J2nt~J (r~n/R)] 
2 2., exp I ~ - / n - T ; - ,  ~ - ~  [10] 

n = l  t R ) ~nJo(i~n) j 

where  [3 n are the  roots o f  the  t ranscendenta l  equa t ion  

J1 ( ~ n ) = 0  [11] 

The  results  at the centrel ine,  T(0,t), were used as input  for  
the  program,  and the surface heat  f lux was recalculated.  F igure  
7 shows  a plot  o f  es t imated surface heat  flux versus  t ime  as well  
as the true heat  flux (the va lue  used to calcula te  T (0, t) in Eq  
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Fig. 10 Estimated, using the sequential function specification 
technique, and analytical thermal response at the surface of the 
cylinder for Case 2, constant heat-transfer coefficient. 

Table 4 Chemical Composition of Steel Used for Con- 
trolled Air Cooling Tests 

Element wt % 
Carbon ................................................................................... 0.69 
Manganese ............................................................................ 0.76 
Phosphorus ............................................................................ 0.014 
Sulfur .................................................................................... 0.019 
Silicon ................................................................................... 0.22 
Copper ................................................................................... 0.008 
Nickel .................................................................................... 0.005 
Chromium ............................................................................. 0.028 
Molybdenum ......................................................................... 0.002 
Vanadium .............................................................................. 0.002 
Niobium ................................................................................ 0.002 

14); good agreement  can  be  observed,  except  at ear ly t imes. 
The  the rmal  response  at the  surface was also compu ted  and  
compared  to the  analyt ical  solution;  very  good  agreement  can  
be  seen, as shown  in Fig. 8. 

3.2.2 Case 2: Solid Cylinder Subjected to a Medium o f  
Constant Heat-Transfer Coefficient 

Assuming  cons tant  thermal  propert ies ,  this  p rob l em can be 
descr ibed  by Eq 9 subject  to: 

3T 
BC 1: ~ r  = 0 at r = 0 ( symmet ry )  

B C 2 :  ~ - a ( T - T )  at r = R ( convec t ion )  

IC: T (r, O) = T o 

The  analyt ical  solut ion is g iven  in Re f  10 as: 
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Fig. 11 Data input for cooling of a 8-ram diana carbon steel rod 
in air flowing at 22 m s-l. [8] 
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Fig. 12 Data input for cooling ofa 15-mm diam carbon steel 
rod in air flowing at 9 m s-1. [8] 

2HTo 
T(r,t) = "" m=-~--X] (~2m +J~ H2) J~ exp ( -o~2t )  [121 

where H = -h/k. 

The program was run taking the thermal response at the cen- 
treline calculated with the analytical solution as input, and the 
heat-transfer coefficient was back-calculated. Figure 9 shows 
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Fig. 13 Estimated heat-transfer coefficient for air cooling (test 
[81 B9) calculated by Campbell et al. (open circles) and in this 

work (closed circles). 
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Fig. 14 Estimated heat-transfer coefficient for air cooling (test 
B4) calculated by Campbell et al.[8] (open circles) and in this 
work (closed circles). 

good agreement between estimated and true heat-transfer coef- 
ficients, except at early times. The estimated thermal response 
at the surface also agrees well with the analytical solution (Fig. 
10). The data used are shown in Table 3. 

The computer program was run for two experimental runs 
reported by Campbell et a l . - - run  B9 (8-mm diam, cooled at 22 
m/s) and run B4 (15-mm diam rod, cooled at 9 m/s); the steel 
composition is given in Table 4. The experimentally deter- 
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Fig. 15 Effect of number of future time steps, r, on the esti- 
mated heat-transfer coefficient. Input data taken from Fig. 11. 

Table 5 Thermal Conductivity of Austenite in a 
Eutectoid Steel  [8] 

T, ~ k, W m -l K -l 

650 .......................................................................... 21.5 
700 .......................................................................... 22.2 
750 .......................................................................... 23.0 
800 .......................................................................... 23.8 
850 .......................................................................... 24.7 
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Fig. 16 Sensitivity coefficients at several radial positions in a 
solid cylinder subjected to a medium of constant heat-transfer 
coefficient and fluid temperature. 

Table 6 Volumetric Heat Capacity (pCp) of Austenite in a 
Eutectoid Steel [8] 

T, ~ pCp, 10 6 J m -3 K -l 

650 ................................................................................. 4.44 
676 ................................................................................. 4.45 
725 ................................................................................. 4.48 
775 ................................................................................. 4.57 
830 ................................................................................. 4.64 
875 ................................................................................. 4.73 

mined thermal response at the centreline is shown in Fig. 11 and 
12, respectively. It should be noted that only data that did not 
involve phase transformation were used. In this work, thermo- 
physical data for a eutectoid plain-carbon steel were assumed 
for the experimental  runs and are g iven in Tables 5 and 6. [8] 

A total of  21 and 26 pairs of  data points, T(O,t), were ob- 
tained f rom the experimental  curves of  tests B9 and B4, respec- 
tively. The steel rod was discretized into 20 nodes, and a 
computational t ime step of  0.25 s was used for a value o f r  = 2. 

The estimated heat-transfer coefficient  as a function of  com- 
puted steel surface temperature for tests B4 and B9 is shown in 
Fig. 13 and 14, respectively, together with results obtained by 
Campbel l  et al.,  [8] using an iterative procedure based on an im- 
plicit f inite-difference approximation o f  the direct problem. 
Good  agreement  can be seen, al though it is important to note 
that calculations based on the sequential function specification 
exhibit  less scatter. 

The number of  future t ime steps adopted for the calculation 
of  the heat flux in Eq 5 is controlled by the parameter r. Figure 
15 shows estimated heat-transfer coefficients obtained for val- 
ues of  r = 2, 3, 4, and 5; the data input was taken from test B9. 
As more information regarding future temperatures is consid- 
ered (larger values of  r), deviations in the values of  ~ are attenu- 
ated. This is a key feature of  the s~quential function 

specification algorithm and results in an efficient code that 
overcomes  the extreme sensitivity to measurement  errors nor- 
mal ly  associated with the IHCP. In contrast, algori thms based 
on matching calculated to measured temperature responses on 
a one-to-one basis exhibit  large deviations. 

The sensitivity coefficients,  Xj, which are calculated as part 
of  the solution to the IHCP, represent a quantitative measure o f  
the sensitivity of  the thermal response to changes in the un- 
known surface heat flux (see Eq 4) and can, therefore,  be used 
to design experiments.  In general, one is interested in large, un- 
correlated values of  Xj, which means that more nonrepet i t ive 
information can be extracted from the exper imenta l ly  deter- 
mined thermal response. Figure 16 shows calculated sensitivity 
coefficients at several positions across the radius of  a solid cyl- 
inder subjected to a constant heat-transfer coeff ic ient  and fluid 
temperature. It can be seen that the largest values  of  the sensi- 
tivity coefficient  occur at the position closest  to the surface o f  
the cylinder; the implication o f  this result  is that every  effort 
should be made to place the thermocouples  as c lose  to the sur- 
face as practicably possible. Lambert  and Economopou los ln ]  
established a linear relationship between the logar i thm of  the 
mean error of  the determined heat-transfer coeff ic ient  and the 
distance of  the point o f  measurement  below the surface for cy- 
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lindrical samples. They showed a value of the mean error as 
high as 10% for a position 2 mm below the surface, then drop- 
ping to less than 1% for a measurement taken 1 mm below the 
surface when long cylinders of 20-mm diam were used. 

4. Conclusions 

Heat-transfer coefficients for the simulation of two heat- 
treating operations carried out under controlled laboratory con- 
ditions have been obtained using an existing sequential func- 
tion specification algorithm to solve the IHCP. For the solution 
of the IHCP in fiat specimens quenched in still water, the 
original computer program was used, whereas to obtain heat- 
transfer coefficients under conditions that simulate the Stelmor 
process, the code was modified to include cylindrical coordi- 
nates. 

Inverse techniques like sequential function specification are 
more fundamentally based than the previously used iterative 
approach (one sensor, exact matching), thus eliminating the 
need for guessing values of surface heat flux; they also allow 
linearization of the problem, which results in highly efficient 
codes. The results obtained in this investigation exhibited less 
scatter in the values of the estimated heat-transfer coefficient 
compared to those obtained via iterative (brute force) algo- 
rithms. 

When the number of future time measurements considered 
for the calculations is increased (larger values of r), over-re- 
sponses to sudden changes in the experimentally determined 
temperature response, which might be associated to measure- 
ment errors, are damped. Therefore, the sequential function 
specification algorithm minimizes one of the main concerns re- 
garding the IHCP. 

Sensitivity coefficients, which are the derivative of the ther- 
mal response with respect to the unknown surface heat flux cal- 
culated as part of the sequential function specification 
algorithm, can be used to optimize experimental design. In this 
work, it was shown that, by locating the sensor as close to the 
surface of a solid cylinder as possible, higher values of  sensitiv- 
ity coefficients were obtained, and therefore, more information 
could be extracted. 
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